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Abstract-A new formulation of the rate-sensitivity function of the intrinsic time measure is
presented in this paper. The endochronic theory is extended to simulate the viscoplastic behavior of
material under multiaxialloading. The rate-sensitivity function proposed by Wu and Yip [Wu, H.
C. and Yip, M. C. (1980). Strain-rate and strain-rate history effects on the dynamic behavior of
metallic materials. Int. J. Solids Struct. 16,515-536] is shown to be identical to the new formulation of
the rate-sensitivity function under uniaxial loading. The first-order ordinary differential constitutive
equations of endochronic theory, as derived by Valanis [Valanis, K. C. (1979). Endochronic theory
with proper loop closure properties. System Science and Software Report SSS-R-80-4182 (1984).
Continuum foundations of plasticity. ASME J. Engng Mater. Technol. 106, 367-375], are used in
this study. Constitutive equations for combined axial-torsional and biaxial strain-paths are derived.
Experimental data found in literature of OHFC copper for rate-independent behavior and 304
stainless steel for viscoplastic response are used for comparison. It is shown that most of the
viscoplastic behaviors of materials can be adequately described by the theory. :1'~ 1997 Elsevier
Science Ltd.

I. INTRODUCTION

The endochronic theory was first proposed by Valanis (1971) for describing the material
behavior under elastic-plastic deformation. The theory is based on the irreversible thermo­
dynamics of internal variables and the concept of intrinsic time. The intrinsic time, as
originally defined by total strain tensor, has led to a discrepancy with the experimental data
in the case of unloading. Valanis (1980) reformulated the definition of intrinsic time by
plastic strain tensor, the theory has been extended widely to simulate various material
responses. The composition of a delta function and decaying exponential functions of the
kernel function were also introduced, the correlation with the classical theory of plasticity
was subsequently achieved. Various versions of the classical theory of plasticity with
isotropic or kinematic hardening rules or their combinations are shown to be particular
cases of the theory.

Thereafter, many investigations involving various materials subjected to diverse load­
ing histories were undertaken for evaluating the theoretical application. The stress-strain
behaviors for metals [WU and Yip (1981); Wu and Yang (1983); Valanis and Lee (1984);
Wu et al. (1985); Fan and Peng (1991)], concretes [Bazant and Bhat (1976); Valanis and
Read (1986)]; soils [Wu and Wang (1983); Wu and Sheu (1983); Wu et al. (1985); Wu
and Aboutorabi (1988); lmai and Xie (1990)], ceramics [Wu et at. (1990)] and composite
materials [Mathison et al. (1991)] were studied. Among other theoretical applications, the
extension of the theory to finite deformation was made by Valanis (1977, 1978) by using
the dual internal variables. Valanis and Fan (1983) applied the theory to study a non­
homogeneous boundary value problem, that of a notch, with a demonstrated agreement by
carefully conducted experiments on OHFC copper. Watanabe and Atluri (1985) proposed a
new efficient scheme based upon their version of the theory with applications to a notched
plate. Watanabe and Atluri (1986) used the new definition of intrinsic time to simulate the
creep-plasticity behavior. Wu and Yeh (1988) revised the back stress and material function
of the theory in order to describe the anisotropic hardening of the material behaviors. By
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using the concept of corotational rate with the plastic spin, the theory was also applied to
finite deformation by 1m and Atluri (1987). Cases of finite uniaxial compression and torsion
were discussed in their study. Wu et al. (1995) expressed the plastic spin in terms of
the back stress and the rate-of-deformation tensors. In their investigation, the complex
loading/unloading/reloading conditions were considered.

The kernel function of the theory is defined as a function of intrinsic time. It exhibits
the weak singularity at the zero intrinsic time and is integrable in a finite domain. According
to this mathematical characteristic, Valanis (1979, 1984) used a group of exponential
decaying functions to form the kernel function. Thus, the constitutive equations of the
theory could then be simplified into first-order ordinary differential constitutive equations.
Murakami and Read (1989) investigated the performance of these equations with and
without Richardson extrapolation. It was found that the extrapolation methods provide a
significant increase in computational speed for comparable accuracy. Moreover, theoretical
simulation of a uniaxial cyclic straining of annealed copper was shown to be close to the
experimental data.

The viscoplastic behavior of material by using endochronic theory was first investigated
by Wu and Yip (1980). The rate-sensitivity function of the intrinsic time measure was
introduced for simulating the uniaxial strain-rate and its history effect. The uniaxial stress­
strain responses of 1100-0 aluminum and mild steel at various constant strain-rate con­
ditions were theoretically discussed. Lin and Wu (1983) improved the rate-sensitivity
function and investigated the material response under different strain-rate cases. Moreover,
the derived constitutive equations were applied to the viscoplastic wave-propagation prob­
lem of a thin-walled tube subjected to impact loading. The rate-sensitivity functions,
proposed by Wu and Yip (1980) and Lin and Wu (1983), are defined as a function of the
uniaxial plastic strain-rate. The applicable region of the rate-sensitivity function is obviously
restricted only to the uniaxial deformation. In their study, the total strain-rate was assumed
to be approximately equal to the plastic strain-rate when the strain magnitude contains a
greater degree of plastic strain. Based on this consideration, the rate-sensitivity function is
a constant under certain constant strain-rate conditions.

To extend the theory in describing the viscoplastic behavior of material subjected to
multiaxial loading, a new formulation of the rate-sensitivity function is presented in this
study by using the equivalent plastic strain-rate. By considering the total strain-rate during
the simulation process, the rate-sensitivity function is not a constant for certain constant
strain-rate condition. Without neglecting the elastic part of the total strain-rate in the
calculation, the stress-strain response for a small strain range or in transition area of the
changing loading-direction can be properly described. In addition, the rate-sensitivity
function proposed by Wu and Yip (1980) can be proved to be identical to the new
formulation of the rate-sensitivity function for uniaxial loading.

An explicit numerical scheme proposed by Murakami and Read (1987, 1989) for
integrating the first-order ordinary differential constitutive equations obtained by Valanis
(1979, 1984) is adopted in this study. The constitutive equations for combined axial­
torsional and biaxial loading cases are also derived. Experimental data for rate-independent
behavior of OFHC copper tested by Lamba and Sidebottom (1978) are used for examining
the theoretical simulation of the combined axial-torsional loading-path. The corresponding
strain-paths are uniaxial cyclic straining and 90° out-of-phase loading with the prescribed
circular strain. A satisfactory description is achieved by making a comparison with the
experimental data. Next, viscoplastic behaviors of 304 stainless steel for uniaxial, combined
axial-torsional and biaxial loading cases are investigated. Experimental data of uniaxial
loading at different constant strain-rates or stress-rates, uniaxial loading with several­
stepped change of strain-rate, combined axial-torsional strain-path under an elevated tem­
perature of 6500 and a square diamond shape of biaxial cyclic loading under strain­
controlled condition tested by Yoshida (1989), Krempl (1979), Inoue et al. (1985) and
Ellyin et al. (1991), respectively, are used for comparing with the endochronic simulation.
It is shown, through comparison with the experimental results, that most of the viscoplastic
behaviors of materials can be adequately simulated by endochronic theory with the newly
proposed rate-sensitivity function.
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2. THE ENDOCHRONIC THEORY

According to the condition of small deformation for homogeneous and isotropic
materials, the deviatoric stress tensor s of endochronic constitutive is given by Va1anis
(1980) :

rz 8eP

s = 2 Jo p(z-z') 8z' dz' (1)

where z is the intrinsic time scale, p(z) is termed the kernel function and eP is the deviatoric
plastic strain tensor which is

ds
deP =de-­

2/10
(2)

where e denotes the deviatoric strain tensor and /10 is the elastic shear modulus. The intrinsic
time measure is

(3a,b)

in which 11'11 is the Euclidean norm and k is the rate-sensitivity function. The quantity of k
is treated as unity for describing the material response of rate-independent effect. The
material function (or hardening function) /(0 is

(4)

in which C and f3 are material parameters. The material function represents the effects of
microstructural changes of material due to accumulation of the plastic strain history that
is positive and satisfies the condition/CO) = 1. The material response of cyclic softening or
hardening can be described by the value C. If the plastically incompressible is satisfied, the
elastic hydrostatic response can be written as

(5)

where O'kk and Ilkk are the trace of stress and strain tensors and K is the elastic bulk modulus.
The kernel function p(z) in eqn (1) is a weakly singular function at the original and

integrable in the domain 0 ~ z ~ CIJ [Valanis (1971)]. Va1anis (1979,1984) used a group of
exponential decaying functions to form the kernel function, i.e.

n n

p(z) = I C,e-"=, p(O) = I c,
r= I r= 1

(6a,b)

in which C" IX, are parameters of material. Substitution of eqn (6a) into eqn (1) yields

n

S = L s,
r= 1

where

(7)
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f
o • oeP

S = 2ct e-,,<o-zl-dz'
r r 0 OZI'

(8)

According to the Leibnitz's differential rule, eqn (8) becomes the following linear first-order
differential equations:

dSr deP

dz +ctrSr = 2Cr dz' r = 1,2, ... ,n (9)

and

n n

ds = 2: dSr = 2p(0) deP - L ctrSrdz.
r= I r= 1

(10)

Substitution of eqn (2) into eqn (10) yields

f.lo [ n ]ds = (0) 2p(0) de- L ctrSrdz .
f.lo+p r~1

(II)

Using eqn (5), eqn (II) can be expressed in terms of the stress and strain tensors as

(12)

where

(l3a,b,c)P3 = (Or
I+~

f.lo

-12p(0)

pz = K- ( (0»)'
3 1+~

f.lo

2p(0)
PI = (0)'

1+~
f.lo

2.1. Constitutive equations for combined axial-torsional loading case
The stress and strain tensors for the combined axial-torsional loading of a thin-walled

tube are

IJ

o ~] (14a,b)

in which (J is the axial stress, r is the shear stress, e is the axial strain and IJ is the tensorial
shear strain. The increment of the deviatoric plastic strain tensor deP becomes (eqn (2»

o

o (15)

o o

Substitution of eqns (l4a, b) into eqn (12) yields
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n

dr = PI dl7+P3 L iX,r,dz (18)
r= I

where the quantities ofPI, P2 and P3 are in eqns (13a--e). From eqn (17), one obtains

where

P P
n

AI = - 2 A 3" ( )
2 ' 2 = 3( - 2 ) L. iX, 0" I ,.

PI + P2 PI + P2 ,= I

Substitution of eqn (19) into eqn (16) leads to

where

Equation (18) can be written as

dr = PI dl7+As dz

where

n

As = P3 L iX,r,.
r= I

Substitution ofeqns (4), (15), (19), (21) and (23) ineqn (3b) yields

(19)

(20a,b)

(21)

(22a,b)

(23)

(24)

where

A 3

3110
(26)

2A, A 4B, = -----
- 3 3110

-4+4A I 2A 3

B3 = 3 + 3110

(27)

(28)
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4A, 2A 4B4 =--+-
3 3/10

2p]
B s = 4-­

/10

(29)

(30)

(31)

On rearrangement of eqn (25), the quadratic form with variable dz becomes

where

_ B 2 +B 2 +B2 f(02
q] - 2 4 6 - k 2

The increment of the intrinsic time scale dz is calculated to be

(32)

(33)

(34)

(35)

(36)

By definition, the intrinsic time measure ( in eqn (3a) is invariably greater than or equal to
zero. The expression of d( in eqn (3b) is expected to generate two roots of the opposite sign
or zero value [Murakami and Read (1987, 1989)]. The material function, as shown in eqn
(4), invariably exceeds zero. Therefore, two roots of opposite sign or zero value are found
in eqn (36), the positive root is the desired one.

The differential increments d8 1 and d'/ are considered here to be the input value. The
parameters A], ... , A 6 , B] ... , B6, q" q2 and q3 are determined according to the known values
of (, z, 8], ,/, a] and, at the current state of loading. The increment of the intrinsic time
scale dz is determined from eqn (36). Consequently, the incremental quantities d(, d82, dO']

and d, are obtained from eqns (4), (19), (21) and (23), respectively. The loading process
can be readily completed by repeatedly updating the values of (, z, 8], ,/, 0'1 and, during
the calculation.

2.2. Constitutive equations for biaxial loading case
The stress and strain tensors in the case of biaxial loading are

[

0'1 0 0] [81
(1 = 0 0'2 0 £ = 0

o 0 0 0

o
82

o
(37a,b)

The increment of the deviatoric plastic strain tensor deP from eqn (2) is
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deP = o

o

o

o

Substitution of eqns (37a, b) into eqn (12) yields

x

o
o

. (38)

From eqn (41), one obtains

where

Substitution of eqn (42) into eqns (39) and (40) leads to

and

where

C3 = PI +P2 +p2C 1

C4 = P2 +P2C 1

(39)

(40)

(41)

(42)

(43a,b)

(44)

(45)

(46a,b,c,d)
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By substituting eqns (4), (38), (42), (44) and (45) in eqn (3b), a quadratic form with variable
dz, which is similar to eqn (32), is determined. Again, the differential increments do, and
d02 are considered to be the input values for biaxial loading. Since the parameters are
determined from the known values of (, z, 0" 02, 0"1 and 0"2 at the current state of loading,
the increment of the intrinsic time scale dz can be found from the quadratic equation. The
incremental quantities d(, do], dO"l and d0"2 are obtained from eqns (4), (42), (44) and (45),
respectively. Thus, the loading process can be easily determined by repeatedly updating the
values of (, z, 0" 02, 0"1 and 0"2 during the calculation.

3. RATE-SENSITIVITY FUNCTION

The endochronic theory for elastic-plastic deformation was first proposed by Valanis
(1971). The intrinsic time measure was defined in terms of the total strain tensor. Lin and
Wu (1976) introduced a rate-sensitivity function, which is a function of total strain-rate,
and applied the function to describe the viscoplastic behavior of material for the uniaxial
strain-rate effect. Due to the discrepancy between the theoretical and experimental results
in case of unloading, Valanis (1980) redefined the definition of the intrinsic time measure
by plastic strain tensor. Based on this new definition, Wu and Yip (1980) proposed a new
formulation of the rate-sensitivity function by the deviatoric plastic strain-rate. The function
has been used in describing the viscoplastic behavior of material for the case of uniaxial
strain-rate and its history effect. The rate-sensitivity function is

(47)

where (eno is the reference uniaxial deviatoric plastic strain-rate, e~ is the relative uniaxial
deviatoric plastic strain-rate and ka is a rate-sensitivity parameter. Lin and Wu (1983)
modified the formulation of rate-sensitivity function to be

keen = l-ka log [~J-kb log [~J2
(eno (eno

(48)

where k b is the second-order rate-sensitivity parameter. This form of the rate-sensitivity
function was applied to investigate the viscoplastic wave-propagation problem of a thin­
walled tube subjected to impact loading. It seems apparent that the applicable region of
the rate-sensitivity functions in both eqns (47) and (48) is restricted only to uniaxial
deformation. In addition, the plastic strain-rate was considered in their study to be equal
to the total strain-rate in the large strain range, therefore, the value of rate-sensitivity
function k is a constant for a certain fixed strain-rate condition. However, if the elastic part
of the strain-rate is neglected, a significant discrepancy between the theoretical simulation
and experimental data may occur for a small strain range. Furthermore, if the above
situation is considered for multiaxialloading, the same drawback of the theoretical simu­
lation at the transition area may occur when the loading direction is altered. Therefore, a
new formulation of the rate-sensitivity function is proposed for the case of multiaxial
loading, i.e.

(49)

where (e~q)o is the reference equivalent deviatoric plastic strain-rate and e~q is the relative
equivalent deviatoric plastic strain-rate. They are defined to be
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(50)

(51)

where (eP)o is the reference deviatoric plastic strain-rate tensor and cP is the relative deviatoric
plastic strain-rate tensor. Notably, the total strain-rate is considered in the theoretical
simulation, the rate-sensitivity function k is a changeable value during the calculation.

3.1. Relationship between the newly proposed rate-sensitivity function and the rate-sensitivity
function proposed by Wu and Yip (1980)

If a material is assumed to be plastically incompressible, the plastic strain-rate tensor
ilP and deviatoric plastic strain-rate tensor eP for uniaxial loading are

o
-0.56)

o
(52a,b)

where i;P is the uniaxial plastic strain-rate. The quantities of (e~q)o and e~q are determined
from eqns (50) and (51) to be

and

'p - 'p
eeq - 1:: 1 ,

Substitution of eqns (53) and (54) into (49) leads to

(53)

(54)

(55)k = 1- k a log [-!LJ.
(en 0

It is shown that the result from eqn (55) is identical to the result obtained from eqn (47)
for uniaxial loading. However, the formulation of eqn (49) can be used for simulating the
viscoplastic behavior of material under multiaxial loading.

3.2. Calculation of the rate-sensitivity function for uniaxial loading under constant strain­
rates

The differential increment of the uniaxial strain dl:: is considered to be the incremental
step, which is a known quantity. Figure 1 shows the schematic drawing of the uniaxial

(j

E1 (relative)

-----Ez (reference)

step i step i+1

Fig. 1. Schematic drawing of uniaxial stress-strain curves for two different constant strain-rates.
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stress-strain curve for two different constant strain-rates. The lower curve is denoted as the
reference curve and the higher curve is the relative curve. The increments of time for
reference and relative curves from step i to step i + I are

de
dt=~.

{;
(56a,b)

The quantities of the stress, strain and value of the rate-sensitivity function are assumed
here to be known for the reference and relative curves at step i. Note that the value of the
rate-sensitivity function for reference curve is always one. Next, the amount of the rate­
sensitivity function of the relative curve at step i + I is determined on the basis of the known
quantities at step i. The deviatoric plastic strain increment (deP)o of reference curve and
deviatoric plastic strain increment dePof relative curve for step i + I are calculated by using
the endochronic theory. Using eqns (56a, b), the deviatoric plastic strain-rate (eP)o of the
reference curve and deviatoric plastic strain-rate ePof the relative curve are determined to
be

deP

eP =­dt . (57a,b)

Substituting eqns (57a,b) into eqns (50) and (51), the equivalent deviatoric strain-rate
(e~q)o for the reference curve and the equivalent deviatoric plastic strain-rate e~q for the
relative curve for step i+ I are determined. Consequently, the amount of rate-sensitivity
function k for step i + I is obtained from eqn (49).

3.3. Calculation of the rate-sensitivity function for uniaxial loading under constant strain­
rates and stress-rates

A constant stress-rate case is assumed here to be the relative curve for uniaxial loading
and an uniaxial constant strain-rate case is the reference curve. Again, the differential
increment of the strain de is considered to be a known incremental step. By using the known
values of the stress, strain and rate-sensitivity function at step i, the quantities deP and
increment of the uniaxial stress dO" of the relative curve for step i + I are determined by
endochronic theory. The increment of time for the relative curve from step i to step i + I is

dO"
dt=-.

0-
(58)

The deviatoric plastic strain-rate eP of relative curve is determined from eqn (57b). The
deviatoric plastic strain-rate (eP)o of the reference curve is obtained from Section 3.2. The
amount of rate-sensitivity function k for the relative curve at step i + I is easily obtained by
using the eqns (50), (51) and (49).

3.4. Calculation of the rate-sensitivity function for multiaxialloading under constant strain­
rates

Next, a multiaxial strain-path with a constant strain-rate is assumed here to be the
relative path, and an uniaxial loading with a constant strain-rate is the reference curve. The
strain-rate for the multiaxial strain-path is denoted as L. The differential incremental step
of the uniaxial strain de is allowed to be equal to the incremental length of the multiaxial
strain-path dL, which is defined as

dL = J de' de. (59)

The quantities of the components of stress and strain and the value of the rate-sensitivity
function are assumed here to be known for the relative path at step i. The deviatoric plastic
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strain increment deP of relative path for step i+ I is calculated by using the endochronic
theory. The increment of time for relative path from step i to step i+ I is

dL
dt=~.

L'
(60)

The deviatoric plastic strain-rate e" of relative path is determined from eqn (57b). The
deviatoric plastic strain-rate (eP)o of the reference curve is obtained from Section 3.2. The
amount of rate-sensitivity function k for step i+ I is obtained by using the eqns (50), (51)
and (49). Notably, experimental data indicate that the stress-strain curves with different
stress-rates or strain-rates coincide at the initial loading range. Therefore, the initial value
of the rate-sensitivity function for relative curve is treated to be one.

4. COMPARISON AND DISCUSSION OF THE THEORETICAL AND EXPERIMENTAL
RESULTS

In this section, theoretical results are compared with experimental data obtained by
Lamba and Sidebottom (1978), Krempl (1979), Inoue et al. (1985), Yoshida (1989) and
Ellyin et al. (1991). Tested materials include OFHC copper for rate-independent response
and 304 stainless steel (at room temperature or elevated temperature) for viscoplastic
response. Parameters of the materials for the theory are determined according to the method
proposed by Fan (1983). Material behaviors of 304 stainless steel tested by Krempl (1979)
and Yoshida (1989) are similar; a group of material parameters is used for theoretical
simulation. However, the material responses of 304 stainless steel tested by Krempl (1979)
and Ellyin et al. (1991) are quite different, as indicated from the uniaxial yield strengths for
both experiments. Therefore, another group of material parameters is required to be found.
The same material tested by Inoue et al. (1985) is conducted under an elevated temperature
of 650°. The material response is also different from the material response tested by Krempl
(1979) and Ellyin et al. (1991). Thus, a different group of material parameters is also
necessary to be calculated. Table I lists the material parameters for OFHC copper and 304
stainless steel.

4.1. Stress-strain response of OFHC copper for rate-independent effect
The experimental result of uniaxial cyclic stress-strain curve for OFHC copper tested

by Lamba and Sidebottom (1978) is shown in Fig. 2(a). Figure 2(b) shows the simulated
result obtained by endochronic theory. Due to the rate-independent behavior, the parameter
ka of the rate-sensitivity function is treated as zero. The strain-path of the 90° out-of-phase
loading with the prescribed circular effective strain amplitude ~8 = 1% beginning with
axial loading is shown in Fig. 3. Figure 4(a) shows the experimental cyclic axial-shear stress
curve. The figure indicates that, after drastic cyclic hardening, the stress loop is stabilized
in the 10th cycle. Figure 4(b) is the corresponding simulated result. The experimental and
theoretical results of the axial stress-strain curve are shown in Figs 5(a, b). The cor­
responding experimental and theoretical results of the shear stress-strain curve are shown
in Figs 6(a, b). These figures confirm that the theoretical prediction correlates well with the
experimental result.

4.2. Uniaxial cyclic stress-strain responses of 304 stainless steel for viscoplastic effect
The experimental data of uniaxial stress-strain curves at different constant strain-rates

or constant stress-rate for 304 stainless steel tested by Yoshida (1989) is summarized in
Fig. 7. In their test, the constant strain-rates were controlled to be 10- 2

S-L and 10-6 s-1,
and the constant stress-rate was 30 MPa s-I. The theoretical simulation by endochronic
theory is also shown in Fig. 7. Krempl (1979) tested 304 stainless steel for uniaxial stress­
strain response of several-stepped changes of the strain-rate. Figure 8 shows the exper­
imental and theoretical stress-strain curves of three tensile tests at strain-rates ranging from
10-2 to 10-8

S-I. In two of the tests, the strain-rate was instantaneously changed by three
orders of magnitude at points A. The response of a cyclically saturated specimen to repeated
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Table I. Material parameters for OFHC copper and 304 stainless steel ~

'1:1
flo (MPa) K (MPa) (', (MPa) (', (MPa) (', (MPa) C fJ k, '"IX, IX, (X, =:l

------ '"=:l
OFHC Copper (Lambda) 33100 83265 4.2x1O' 5.2 x 103 1.2 X 103 8860 500 110 0.7 10.2 0 0-

304 stainless steel (Krernpl and Yoshida) 69579 181373 6.1 x 10' 4.1 X 103 8 X 10' 7800 350 70 0.33 10.2 0.0537 0
304 stainless steel (Inoue) 42667 112022 5.6x 10' 6.95 x 103 1.6 X 103 7680 510 110 0.235 9.2 0.0424 ;t
304 stainless steel (Ellyin) 70769 153333 6.12 x 10' 4.1 X 10' 8 X 103 7350 580 175 0.33 9.0 0.0507 (j

::r
'"...,=:l



Viscoplastic behavior under multiaxialloading 2143

200

m
~ 100
~

eli
III
Q) 0...-en
Cii
'x -100
<:(

-200

-1.0 0.0 1.0

Axial Strain, %

(a) Experiment
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(b) Simulation
Fig. 2. Experimental and theoretical stress-strain curves for OHFC copper under uniaxial cyclic

straining.

strain-rate changes was reported by Krempl (1979) and is shown in Fig. 9. The specimen
was subjected to completely reversed cycling at ±0.4% until the cyclic steady-state was
reached. Next, the specimen was tested with sudden changes in strain-rate between the
value of 10-3_10- 5

S-I. Experimental and theoretical results of the material behaviors under
cyclic loading and repeated strain-rate changes are depicted in Figs lO(a, b), respectively. At
the strain of ±0.2%, the strain-rate was switched between 10-3 to 10-5 S-I.

Thin-walled circular cylindrical specimens of stainless steel type 304, as tested by Ellyin
et al. (1991), were subjected to uniaxial cyclic loading under a strain-controlled condition.
Each test comprised of three levels of strain-rates applied in a predetermined order. In each
step, 50 cycles were applied before switching to another one in order to ensure stable
response at each strain-rate level. The contro1led strain amplitude was At: = ±0.3% with
strain-rates ranging from 6 x 10- 3 to 6 X 10-4 to 6 X 10- 5

S-I. Figure 11 shows the exper­
imental and theoretical results of the stress amplitude vs number of cycles for uniaxial cyclic
loading. The figure indicates that after transient cyclic hardening occurs during a few initial
cycles, the stress-strain response is stabilized. However, an abrupt change in the size of the
stress-strain loop occurs when a different strain-rate is applied. Notably, the endochronic
theory with the newly proposed rate-sensitivity function simulates fairly we1l the charac­
teristic behavior of the material to the abrupt changes of strain-rate.
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Fig. 3. Experimental and theoretical trajectories of 90' out-of-phase strain path for OHFC copper

with the prescribed circular effective strain amplitude L\~ = 1%.

4.3. Combined axial-torsional stress-strain responses of 304 stainless steel for viscoplastic
effect

Experimental data of 304 stainless steel under an elevated temperature of 6500 for
combined axial-torsional strain-path were tested by Inoue et at. (1985). A schematic drawing
of the strain trajectory is shown in Fig. 12. It is shown that a proportional strain-path in
45° direction was denoted as Stage I, followed by Stage II, in which the ratio of the strain­
rate was e/cy/j3) = 5. Subsequently, the direction of the strain-path in Stage III changed
to the same as in Stage I. Two kinds of equivalent strain-rates were selected to investigate
the effect of the strain-rate, as shown in the inset table of Fig. 12. Figure 13 demonstrates
the experimental and theoretical results of the axial stress-strain curve for HHH loading
case. The corresponding shear stress-strain and equivalent stress-strain curves are depicted
in Figs 14 and 15. Figure 16 shows the experimental and theoretical results of the axial
stress-strain curve for LHL loading case. The corresponding shear stress-strain and equi­
valent stress-strain curves are depicted in Figs 17 and 18. The cumulated axial deformation
due to the mechanical ratcheting was investigated by Inoue et al. (1985). The cyclic torsional
strain range Liy/j3 was 1.5% when the axial stress (0' = 67 MPa) was kept constant.
Two strain-rates, y/j3 = 0.1 % S-l and y/j3 = 0.002% s-1, were selected for investigation.
The controlled strain-path is shown in Fig. 19. Figures 20 and 21 show the experimental
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Fig. 4. Experimental and theoretical axial-shear stress curves for OHFC copper under the loading
condition of 90° out-of-phase strain path.

and theoretical axial strain vs shear strain curves for two strain-rate cases. Notably, the
theoretical simulations correlate well with the experimental findings.

4.4. Biaxial stress-strain responses of 304 stainless steel for viscoplastic effect
Ellyin et al. (1991) tested the thin-walled circular cylindrical specimens of stainless

steel type 304 subjected to biaxial cyclic loading under a strain-controlled condition. The
strain-path for the biaxial cyclic loading is shown in Fig. 22. The material is initially loaded
to point A and, subsequently, the cyclic loading-path follows a square-diamond shape
ABCDA. Figure 23(a) shows the axial stress-strain curve for the first 10 cycles at a strain­
rate of4 x 10-3

S-I. A transient stress-strain response is observed during a few initial cycles.
Figure 23(b) is the simulated results of the axial stress-strain response. Although the
predicted stress-strain curve for first few cycles is slightly different from the experimental
observation, the stable stress-strain loop is very close to experimental data. The cor­
responding experimental and theoretical results of the tangential stress-strain curve are
shown in Figs 24(a, b). The experimental and theoretical results of the tangential stress and
axial stress curve are shown in Figs 25(a, b). A comparison with the experimental data
reveals that most of the viscoplastic behaviors of materials can be adequately simulated by
endochronic theory with the newly proposed rate-sensitivity function.
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Fig. 5. Experimental and theoretical axial stress~strain curves for OHFC copper under the loading
condition of 90 out-of-phase strain path.

5. CONCLUSIONS

In this paper, the first-order differential equations, which were obtained by Valanis
(1979, 1984), are extended to describe the response of materials under various strain-paths
in a multi-dimensional strain space. Explicit constitutive equations for combined axial­
torsional and biaxial loading cases are divided. A strain-path of the 90° out-of-phase
loading with the prescribed circular effective strain beginning with axial loading of OFHC
copper for rate-independent effect is investigated. Theoretical prediction correlates well
with the experimental result.

A rate-sensitivity function, which is defined by equivalent plastic strain-rate, is pre­
sented in this paper. It is proved that the rate-sensitivity function introduced by Wu and
Yip (1980) is identical to the newly proposed rate-sensitivity function for uniaxial loading.
However, the new formulation of the rate-sensitivity function can be used in endochronic
theory for simulating the viscoplastic response of material under multiaxialloading. In our
study, several cases of uniaxial loading, combined axial-torsional loading and biaxial
loading with various strain-rate or stress-rate cases for stainless steel are included. It is
shown that the theoretical simulations are in good agreement with the experimental data.

Acknowledgement-The work presented was carried out with the support of National Science Council under grant
NSC 84-2212-E-006-043. Its support is gratefully acknowledged.



137.9

103.4

69.0

34.5

0.0

-34.5

-69.0

-103.4

-137.9 --!--.--.-,--,-----,-----,.--.----.

-2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 2.0

Shear Strain . %

(a) Experiment

to
a..
::l:

~-en...
to
Q)

.s::.
en

137.9

103.4

69.0

34.5

0.0

-34.5

-69.0

-103.4

-137.9 --!--r----r----,-----,r--.-,-----,--

-2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 2.0

Shear Strain . %

(b) Simulation

Fig. 6. Experimental and theoretical shear stress-strain curves for OHFC copper under the loading
condition of 90° out-of-phase strain path.

300

•
coa.. 200
:!

~
~en
10
~ 100

A

E== 1O"s"

E== 10-'s"

a== 30 MPa s"

Simulation

o

Experiment

1.20.80.4

0..---,---,---.,.---.,.---.,.----,

0.0

Axial Strain, %
Fig. 7. Experimental and theoretical uniaxial stress-strain curves for 304 stainless steel at different

constant strain-rates or constant stress rate.



2148 w. F. Pan and C. H. Chern

300
E

1
sec~l E, sec-I

nl 10-'
a..
~ 200
ui
III

~-C/} ........N

nl 100 l-,,_A'x
<:

.--
0

0.0 0.4 0.8 1.2

Axial Strain, %

(a) Experiment

Fig. 8. Experimental and theoretical uniaxial stress-strain curves for 304 stainless steel at strain­
rates ranging from 10- 2 to 10- 8 s-'.



Viscoplastic behavior under multiaxialloading

(b) Simulation
Fig. 9. Experimental and theoretical responses of a cyclically saturated specimen for 304 stainless

steel under the loading condition of repeated strain-rate changes.
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Fig. 10. Experimental and theoretical uniaxial stress-strain curves for 304 stainless steel under cyclic
loading and repeated strain-rate changes.
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Fig. 21. Experimental and theoretical curves of axial strain vs shear strain for 304 stainless steel

under the loading condition of y;fl = 0.002% S-I.
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Fig. 24. Experimental and theoretical curves of the tangential stress-strain response for 304 stainless

steel at a strain-rate of 4 x 10- 1 s- '.
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